In this article, we make use of some known method to investigate some properties of the numbers represented as sums of two equal odd powers, i.e., the equation x n + y n = N for n ≥ 3. It was originated in developing algorithms to search new taxicab numbers (i.e., naturals that can be represented as a sum of positive cubes in many different ways) and to verify their minimality. We discuss properties of diophantine equations that can be used for our investigations. This techniques is applied to develop an algorithm allowing us to compute new taxicab numbers (i.e., numbers represented as sums of two positive cubes in k different ways), for k = 7 . . . 14.
Introduction
This work was originated in searching new so-called taxicab numbers, i.e., naturals T k that can be represented/decomposed as/into a sum of positive cubes in k different ways, and verifying their minimality. We made use of some known method to investigate properties of the cubic equation that could help us to find new taxicab numbers.
Already Fermat proved that numbers expressible as a sum of two cubes in n different ways exist for any n. But still finding taxicab numbers and proving their minimality are hard computational problems. Whereas the first nontrivial taxicab number T 2 = 1729 became widely-known in 1917 thanks to Ramanujan and Hardy, next ones were only found with help of computers: T 3 = 87539319 (J. Leech, 1957) , T 4 = 6963472309248 (E. Rosenstiel, J.A. Dardis, and C.R. Rosenstiel, 1991), W 5 = T 5 = 48988659276962496 (D. Wilson, 1997 , [7] ). It is known that these numbers are minimal. For R 6 = T 6 = 24153319581254312065344 (R.L. Rathbun, 2002) as well as for next discovered taxicab numbers it is unknown.
In January-September 2006 the author computed T 7 = 139 3 R 6 , T 8 = 727 3 T 7 , T 9 = 4327 3 T 8 , T 10 = 38623 3 T 9 , and T 11 = 45294 3 T 10 . At the end of 2006 the author learned about the results of C. Boyer [1] who established smaller T 7 , . . . , T 11 and first T 12 in December 2006. At the begin of 2007 the author computed T 13 and T 14 . The article is organized as follows. We start with putting the equation in a new form. Next, we deduce simple properties of the equation of interest based on this presentation. At the end, we present a new algorithm to compute taxicab numbers which we used to find new ones.
Common Properties
We are interested in the problem of representations (also called decompositions) of numbers as the sums of two positive odd n-powers; i.e., solvability of the equation
in positive integers. A solution of this equation is also called a representation or a decomposition of the number N . The equation of interest is too "smooth" in its original form. We want to make it "uneven". We are going to consider this equation in the following m ± h-form (m = h > 0)
which is not an infrequent guest in number-theoretical proofs. Although only even numbers can be directly represented in this way, there is a simple transformation that allows us to treat this equation for odd N as well. In fact, any pair (x, y) consisting of even and odd integers can be represented as (t − s − 1, t + s). If N is odd, we write
Multiplying both sides by 2 n we can put the previous equation into the form
and, then some extra steps are needed to obtain representations of N itself. For the exponent 3, the least odd number N for which 2 3 N yields a not only proper two cubes representation is 513:
Notice that 4104 is the least even number represented as a sum of two cubes in two different ways. Next, assume N to be even if we do not explicitly state the contrary. We are interested in any prime powers, although sometimes it is sufficient that they are odd only. Such representations for odd powers are closely related to divisors of the numbers of interest.
We shall refer to m as a median of the corresponding power representation and to N d as an integer quotient N/d if it exists. We shall make use the following property (a simple corollary of Quadratic Reciprocity Law) of odd prime divisors of binary forms:
In particular, for the binary form u 2 + 3v 2 the forbidden divisors are
Given N and its divisors, by solving an n − 1-order polynomial equation
with respect to h, we can either "easily" find some representation(s) of this number or prove that it is impossible. Notice that in this polynomial m and h occur only in odd and even powers, respectively. We start the investigation by establishing the following simple properties of Equation (2).
Lemma 1. If m is a median of some representation of N , then
Proof. First, rewriting Equation (2) in the form
we can derive the modular equation m n ≡ N 2 (mod n). Next:
• By applying Fermat's Little Theorem we have the first statement.
• Because n|N , therefore also n|m, and this yields the second statement.
• Because n | / N , then also n | / m. By applying Fermat's Little Theorem to m n−1 ≡ N 2m (mod n) we have the third statement.
Because h is ranged in (0, m) it is easy to establish Lemma 2. A necessary condition for N to have a representation as the sum of n-powers is
Obviously, the number of such representations does not exceed the number of divisors of N satisfying this condition (see also Lemma 3). Lemmas 1 and 2 allow us to estimate numbers being the sum of two odd powers higher than 2 in k ways. If a number has two different representations for the power n, then the medians m 1 , m 2 corresponding to them also satisfy the congruence m 1 ≡ m 2 (mod n). Because n N/2 n + n(k − 1) ≤ n N/2, we have the following properties of generalized taxicab numbers Lemma 3. If number T (n, k), k > 1, represented as the sum of two n-powers in k ways is even, then it has at least k divisors in the range ( n N/2 n , n N/2) and the following lower bound holds
This bound is far from optimal due to a quite conservative assumption about the gaps between medians. This is a subject of further investigation. Recall that only wide-known theoretical bound for T (3, k) = T k is Silverman's result [6] that describes its logarithmic behavior:
where r is the highest rank of Equation (1). The highest rank known now is 5.
When there are "too many" taxicab medians they cannot be relative prime because all of them are divisors. Hence they share common divisors. In particular, for taxicab medians m 1 < . . . < m k the following inequality holds:
n .
The cubic equation in the form m 2 + 3h 2 = N 2m provides a way to derive parameterizations of the two cubes representation problem 1 . We mention only those of them that relate to the taxicab numbers problem. It arises when N 2m is a cube and this case is connected to the well-known problem of the decomposition of numbers into two rational cubes (positive or not) which was investigated by Fermat, Euler, Sylvester, and other researchers.
Gérardin proved [4, Chapter XX] that all solutions of u 2 + 3v 2 = w 3 with gcd(u, v) = 1 are generated by
We have 
Also, the substitution t − 3s = u 2 v, t + 3s = uv 2 gives
which provides the following parametrization of the sum of two integer powers
Catalan's parametrization
leads us to another rational cubes identity
The substitution 2s − t = u 2 v, s − 2t = uv 2 gives the following identity
It is easy to note that these parameterizations of the sum and the difference of two integer cubes also give parameterizations to the diophantine equation
Finally, we mention some properties of the equation of interest that can be used to investigate taxicab numbers. Sometimes we can improve the congruence of Lemma 1:
Proof. We write down 2m
Considering these equations by modulo 4 we conclude m ≡ N 2 (mod 4). Combining this congruence with the congruence from Lemma 1 we obtain these lemma statements.
The forbidden divisors condition for two-squares representation is well known since Fermat's work. For cubic and quintic equations there are analogies which follow from Property 1. 
New Taxicab/Cabtaxi Numbers
Before we discuss cubic taxicab numbers, we briefly consider the equation
No such number is known within the range up to 1.05 · 10 26 . We have not yet found any, but we found some solution in Gaussian integers:
The least such positive number is 3800 = (5 − ı)
The observation that T 6 = 79 3 T 5 stirs up our interest in searching for new taxicab numbers T k in the same way. The usual definition of taxicab numbers is equipped with a condition that they are minimal. But for brevity we designate all multi-ways representable numbers as taxicab numbers. Even an open question 3 about the minimality of T 6 does not matter. To compute some k + 1-way representable number we can try any k-way representable number. Our approach can produce non-minimal numbers, but such numbers can be used to check their minimality or to search for smaller ones. We believe that this median-based approach reducing the length of tested numbers in three times allows us to check the minimality of T 6 and T 7 .
Notice that Wilson [7] used similar ideas (cubic multipliers) to find 5-way representable number W 5 = 48988659276962496 in 1997 but his approach is more expensive even for small numbers. During this search a six-way example was also detected. Inspired by Wilson's approach in 2002 R. L. Rathbun [5] presented the smaller candidate
Rathbun also mentioned multipliers 139 and 727 giving other examples of sixway representable numbers. Our approach demonstrates that they appear in multipliers of T 9 and T 11 , respectively. In the first version of this article (December 2006) we described a modification of our algorithm that produces some taxicab numbers. In JanuarySeptember 2006 with help of this algorithm we computed T 7 = 139 3 R 6 , T 8 = 727 3 T 7 , T 9 = 4327 3 T 8 , T 10 = 38623 3 T 9 , and T 11 = 45294 3 T 10 . At that moment we learned about results of C. Boyer [1] who established smaller T 7 , . . . , T 11 and first T 12 in December 2006. Unfortunately he has not yet published details of his algorithm. Our renewed algorithm, given later in this article, produces the same numbers. Also, for the first time we found T 13 and T 14 .
The main idea of our approach is not too surprising. If we know some kway representable number T k , then we can try to find T k+1 in the form µ k . The iterative procedure formalizing this idea and using the properties of the equation is the following:
•
Create an ordered array D of all divisors of T k excluding known too small divisors, i.e., less than 3 T k /4.
• For multipliers M from 2 to ⌊2T
• Using dichotomic search, find a range of D where the divisors satisfying Lemma 2 for 2 )/3 is a perfect square, then µd is the k + 1 median and therefore N is T k+1 . Otherwise continue.
A set of all divisors of T k may be space-consuming. To avoid the explicit computation of this set we used the following trick. A taxicab number T k is a product M · T s where T s is a "seed", i.e., a small taxicab number with an easily computed set of divisors and M = (µ s+1 · · · µ k )
3 . Evidently M = 1 for T k+1 = T s+1 . Thus computing T k+1 we split the loop iterating through all divisors of T k into two nested loops: the outer loop iterating through all divisors of M and the inner one iterating through those divisors of T s such that product of the first iterator, the second iterator, and some divisor of the current cubic multiplier satisfies Lemma 2.
Choice of the seed T s affects the space used by the algorithm. We used W 5 to compute new T k for k = 7 . . . 12. But for the next numbers, cardinality of the divisor set for M exceeds one for T s more and more. To balance the cardinalities of these sets we took greater seeds. a) To compute this number we examined only prime multipliers great than 2971. b) To compute this number we examined only this multiplier. Table 1 . Computational results. Table 1 . represents multipliers producing new taxicab numbers. In AP-PENDIX A we give these numbers themselves and their decompositions.
Also, we found that all of our taxicab numbers T (3, k) are cabtaxi (i.e., without the restriction on the cubes of the decomposition to be positive) numbers C(3, k +2). Surprisingly the multiplier 5 gives cabtaxi numbers of higher orders: 5 3 T (3, k) = C(3, k + 4). We checked this property for k = 6 . . . 12.
Final Remark
In September 2007 we learned about new results of C. Boyer who established new taxicab numbers for n = 13 . . . 19 and cabtaxi numbers for n = 10 . . . 30. Boyer's article is going to be published in a mathematical magazine.
